The most general one-dimensional equations for unsteady tidal motion and saliIüty distribution are the following:
Introduction
The distribution of salinity in a tidal estuary is a continuous function of space and time.
The major factors determining a particular salinity distribution are the estuary geometry, the tidal motion within the estuary (as governed by the varying tidal elevation at the ocean entrance), the fresh water inflows, the density difference between fresh and ocean water, and possibly, wind and Coriolis effects. Depending on the relative magnitude of these quantitie~, varying degrees of vertical and lateral stratification of salInity are po:<sible.
In a real estuary aH of the above quantities are time varying and "steady state" conditions cannot be assumed to exist.
Analvtical and experimental studies of salinity intrusion in estu~ries have be~n made by many investigators during the past 25 years. Most of the mathematical models which have been developed are descriptive rather than predictive. That is, the models contain one or more empirical features, based on observed field or laboratory data, which make it difficult or impossible to predict the effect on the salinity distribution of changes in the estuary regime. Changes for which it is desirable to have a predictive capability include the effect of channel deepening -and changes in the fresh water inflow due to upstream river f10w regulation or fresh water diversions.
A general analytical description of salinity distribution in an estuary would require an unsteady, three-dimensional approach. Although the governing differential equations for the unsteady, three-dimensional problem (i.e. continuity, momentum and conservation of mass) are known, numerical solution techniques have not progressed to the point at which the computations can be handled efficiently. Even if the computational problems were overcome, there is almost no information on the three-dimensional spatial and temporal functions for turbulent eddy and mass diffu- 
tidal period. The tidaI-time-average form of Equation (3) is:
where s and A are the salinity and area ,averaged over a tidai period, U f is the average cross-sectional velocity due to fresh water and ET~l is the corresponding tida1-time-average dispersion coefficient. Arons and Stommel [1] assumed that steady state conditions prevailed in successive tidalcycles (i.e. os/ot = 0) and that the cross-sectional area, A was independent of x. Under these assumptions Equation (5) reduces to a second order, ordinary differential equation:
Boundary and initial conditions wherein the salinity s (x, t SL ) is the salinity at slack tide and ESL is the corresponding longitudinal dispersion coefficient for this approximation. Ippen and Harleman [9] and Harleman and Abraham [4] used the steady state form os/ot = 0 of Equation (7) .
Both simplifications described above eliminate the need for the continuityand momentumequations for tidal velocity and discharge. In Equations (5), (6) and (7) the velocity U f is given by the fresh water inflow Qf and the estuary geometry.
In many cases the question of whether a given mathematical model is descriptive or predictive depends upon the way in which the boundary 'conditions are treated. Mathematical models which 'inolude the tidal dynamics Equations (1) and (2) require boundary and initial conditions for the tidal motion as well as for salinity. At the downstream, or ocean boundary, of an estuary, it is usually convenient to specify the ocean tidal condition, that is, the water surface elevation as a function of time. At the upstream end of the estuary, usually vaken as the head of tide, the discharge is specified. For a cZosed-end estuary in which the head
Pritchard [Il] and Boicourt [3] used Equation (5) to describe seasonal salinity changes in the Delaware and Chesapeake estuaries.
A second method of simplifying the analytioal formulation is known as the "slack-tide" approximation. In this approach Equation (3) is assumed to describe the~alinity distribution only at times of slack tide. The termillology high water slack is used to indicate the time of zero tidal diEcharge during the change from flood to ebb tide and low water slack the change from ebb to flood. It was recognized that by setting Q = 0, the advective term a (Qs)/ox in Equation (3) is eliminated and this would result in a loss of theentire flushing effect due to the fresh water flow Qf. Therefore, the non-tidal advective velocity due to fresh water is retained and the resulting salt balance equation is: The continuity equation (1) and the momentum equation (2) are essential1y in the form used by Harleman and Lee [5] to describe the Uinsteady tidal hydraulics of estuaries and canals. An additional term in the momentum equation includes the effect of the longitudinal density gradient due to salinity. This term, g A (dei p) (op/ox), couples the two equations describilDg the tidal hydraulics to the salt balanoe equation thmugh the simplified equation of state.
The one-dimensional salt balance equation (3) is obtained fmm the snatially integrated three-dimensional convectivediffusion equation for turbuIent flow. (Okubo [10] ; Holley and Harleman [7] ). The longitudinal dispersion coefficient E includes the turbulent diffusivity and the dispersive effect produced by salinity and velocity variations over the cross section A.
Stigter and Siemons [12] used the salt balance equation (3) and the tidal hydraulics equations (1 and 2) in coupled form to ca1culate salinity intrusion throughout a tidal cycle in a constant width representation of the Rotterdam Waterway with constant fresh water inflow. A finite difference formulation was used for the ca1culations.
A number of early investigatorssimplified the analytical problem by averaging the salt balance equation over a 11 Typical salinity distributions at high water slack (HWS), low water slack (LWS) and time average salinity over one tidal cycle (TA).
the constant of integration being zero from the condition that at large x (in the upstream direction) ds/ dx~0
and S~O. If the fresh water velocity V f and the average salinity distribution over a tidal cycle is known, Equation (8) can be used to calculate El'A as a fllnction of x. An equation similar to Eq. (8)can be obtained by integrating the steady state form of Equation (7) for the slack tide approximation, and values of ESD can he obtained if the salinity distribution is known at highand low water slack conditions. The functional relation between E'% and x will be different from ET.i and x because the sJack tide salinity distributions are displ,aced from the time average values. This is illustrated in Figure 2 which shows various dispersion coefficients ca1culated from the s,ame set of data. Figure 2 also shows the difficulty of developing a predictive model in which the longitudinal dispersion coefficient is assumed to be a unique function of x. Any change in the fresh water inflow will shift the salinity distribution up or down the estuary and change the func- In a conservation of mass equation dispersion is fundamentally the result of an incomplete specification of the advective mass transport. The magnitude and variation of a dispersion coefficient depends on the formulation of the advective term in the mass transport equation. In other words, E, in Equation (3) is not equal to ETLi in Equation 5 since the terms describing the advective mass transport, 0 (Qs)/ox in Equation (3) and AV, (os/ox) in Equation (5), arc radically different. Some insight into the dependence of the longitudinal dispersion coefficient on the formulation of the mass transport equation can be gained by the following analysis.
The steady-slate, tidal-time-average formulation of the salt balance equation is adopted and Equation (6) is integrated with respect to x,
Longitudinal dispersion
of tide is determined by a physical obstruction such as a dam or natural faH line, the discharge is set equal ta zero and ail inflows induding the fresh water inflow at the head of tide are treated as steady or time-varying lateral infiows. In an open-end estuary the head of tide is determined by the location at which tidal effects become insignificant and the river discharge is specified as a function of time. Because of the rapid response of the tidal hydraulics equations 10 imposed boundary conditions, exact specification of initial conditions is not required.
The solutioncan be started at t = 0 with ail water surface elevations at mean sea level (MSL) and with zero discharge.
Salinity boundary conditions, particularly at the downstream end, are more difficult than the tidal conditions. The upstream boundary condition is usually specified as os/ox = 0 for both closed and open end estuaries. The difficulty with the downstream or ocean boundary condition is il1ustrated in Figure 1 which shows the longitudinal salinity distribution at various limes in a tidal cycle: high water slack (HWS), 10w water slack (LWS) and the tidal-time-average (TA).
Stigter and Siemons [12] calculated longitudinal salinity distributions throughouta tidal cycle by assuming that the salinity variation with time at the ocean boundary was known for a constant fresh water inflow at the head of the estuary. The resulting distributions agreed weil with observations, however the model 'cannot he considered to be predictive since the salinity boundarycondition at the ocean ontrance would vary with 'any change in the fresh water inflow.
Earlier investigators (e.g. Pritchard [11] ) using the tidallime-average (TA) form of the salt balance equation (5) assumed the salinity at the ocean boundary to be a constant equal to the ocean salinity, sa. This amounts to an artificial constraint since changes in fresh water inflow must be reflected in variations in the time-average salinity at the ocean boundary.
Ippen and Harleman [9] used the slack-tide approximation (Eq. 7) in analyzing lwenty different salinity flume tests (rectangular cross-section) conductedat the Waterways Experiment Station. Fresh water inflow, ocean tidal range and roughness were the major parameters changed in these tests. The boundary condition was imposed at low water slack by assuming that ocean salinity sa was reached at a distance x = -B seaward of the entmnce at x = O.
The distance B was determined for each of the W.E.S. tests and a dimensionless empirical correlation was found between B and a dimensionless number defining the degree of salinity stratification as a function of fresh water discharge and ocean tidal range. This boundary condition eliminates the artificial Cünstraint mentioned above, however the empirical correlation is limiled toestuaries of constant width.
The term on the right-hand side of Equation 3 includes turbulent diffusivity associated with the temporal average of turbulent fluctuations and the dispersive effect associated with the spatial integration, over the cross-section, of the product Of local velocity and salinity. The latter effect completely dominates the former. The dispersion tional dependence. Ippen and Harleman [9] circumvented this difficuIty by ,adopting the following dispersion re1ation-ship for the salinity distribution at 10w water slack (10) where the parameter B, previous1y defined, depends on the magnitude of the fresh water discharge and EOSL is the dispersion coefficient at x = 0 (the ocean entrance).
If Equation (10) tS substituted into Equation (9) and integrated with respect to x, the following equation for the salinity distribution al low water slack is obtained,
where the boundarycondition s = So at x = -B has been used. Equation (11) has the form of a Gaussian curve which closely approximates the longitudinal distribution of salinity in many estuaries. Using the W.E.S. salinity flume data, Harleman and Abraham [4] showed that the two parameters EOSL and B cou1d be correlated in a dimensionless manner with an estuary number: (12) expressing the degree of stratification. In Equation (12), It was shown that these correlations could be successfully used to predict salinity intrusion in the Rotterdam Waterway. It shou1d be noted, however, that Equation (11) and the correlations deve10ped from the W.E.S. flume data can be applied only to estuaries of constant width with constant fresh water inflow.
Solution techniques
The formulations based on the tidal-time-average and .l'lack-tide approximations were developed for analytical conv.enience prior to the advent of high speed computers. Difficulties in the treatment of boundary conditions and in the fllnctional relations for dispersion coefficients have been reviewed. Further progress in the development of predictive models for unsteady conditions in variable area estuaries requires a return to the fundamenta1equations describing the unsteady, non-uniform f10w including the coupling between the continuity, momentum and salt balance equations. It is obvious that the solution to this set of non-linear, second order, partial differential equations will require numerical solution techniques.
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A predictive model for unsteady salanity intrusion ln variable area estuaries
The development of the model is summarized in the same format as used in the review of previous investigation, i.e., formulation, boundary and initial conditions, dispersion relationship 'and solution technique. A detailed development is given by Thatcher and Harleman [15] .
Formulation
The model is formulated in terms of the set of general one-dimensional unsteady, non-uniform flow equations for continuity, longitudinal momentum and s,ait balance [Equations (I) (2) (3) (4)]. The coupling of the equations, together with the inputs and outputs is shown in the diagram of Figure 3 . The model describes «instanta-neous» conditions in the sense that the time increment is large enough to smooth turbulent fluctuations of velocity and salinity but is smallcompared to the tidal period.
Boundary and initial conditions
Solution of the set of partial differential equations requires that information about the dependent variables be given at the boundaries. The surface e1evation as a function of timeat the downstream end of the estuary and the inflow as 'a function of time at the head of the estuary are sufficient boundary conditions for the solution of the tidal dynamics Equations (1) and (2) .
The salt balance Equation (3), being of second order, requires salinity information at both end of the estuary. There are two possible boundary conditions at the upstream end of the estuary. The salinity can be set equal to zero, or zero flux of salt can be specified across the upstream boundary (os/ox = 0). Both are valid conditions, however the flux specification is more general as it permits the study of closed-end estuaries where the salinity may reach the upstream end.
The specification of a salinity boundary condition at the ocean or downstreamend of the estuary is one of the principal prob1ems treated in this study. It would be desirable to have a schematization which permitted a study of the estuary from its upstream end to a point far at sea so that the boundary salinity could be specified as a constant equal to the ocean salinity, so. Unfortunately this is usually not possible in a one-dimensional mode1 as the ocean cannot be represented in one dimension, When the ocean-estuary connection is that of an entrance suddenly opening into the ocean (as in the Rotterdam Waterway) it is clear that the ocean cannot be part of the one-dimension al model. In this case the physica1 location of the ocean boundary is readily defined, but this does not simplify the specification of the salinity boundary condition. During the ebb flow the salinity at the ocean entrance will reflect upstream conditions, and when the flow reverses the salinity will not immediately become ocean sali nity but will reach the ocean salinity in a manner depending upon the longshore currents. Significant variations in sali nity over the tidal cycle at the ocean entrance can be expected in estuaries of this configuration. In contrast to the estuary described above is the configuration wherein the estuary gradual1y widens at it reaches the ocean (as in the Delaware and Thames estuaries). In this case the location of the ocean boundary depends on practical considerations of schematization. If it is possible to carry the one-dimensional schematization sufficiently far downstream, the variation in salinity throughout the tidal cycle will be small. However, the salinity at the ocean entrance cannot be constant throughout the tidal period because fresh water must leave the estuary during some portion of the tidal period and during this portion the average salinity at the ocean boundary crosssection will be decreased.
As the model treats the variation in salinity within a tidal cycle, the boundary condition must apply at aH times during each tidal cycle. The approach is to divide each tidal cycle in two portions, according to the direction of flow at the ocean entrance, and to apply a boundary condition for each portion. At each time step the numerical model calculates the magnitude and direction of the discharge at the ocean end, thus providing the necessary criterion for applying either boundary condition.
The salinity at the ocean boundary during flood flow
is approximated by setting it equal to the ocean salinity, So' During ebb flow [Q (0, t) < 0] the solution to the finite difference analog of Equation (3) is continued by making continuous mass balances on the downstream element. In perfonning these mass balances the dispersive flux, At E Cos/ch), on the downstream side of the element is approximated by using the gradient as evaluated at the upstream side of the clement. As this approximation continues only during seaward or ebb flow it does not result in the accumulation of errors.
At the end of ebb flow the salinity will be below that of the ocean salinity, so. Physically, it cannot return to So instantaneously as the flood flow begins. A linear interpolation in time is employed to specify the salinity during the transition l'rom its value at the end of ebb flow to the maximum value so. This transition period depends on long shore currents in the ocean adjacent to the estuary entrance. Fortunately, the model is not very sensitive 
-----: 41 Ocean boundary conditions throughout a tidal cycle.
cient applioable in the npstream fresh water portion of the estuary where eslex = O. The local salinity gradient is expressed in dimensionless form and the stratification parameter K has the dimensions of a dispersion coefficient, (121t).
The stratification parameter K is assumed to be independcnt of distance and time within a particular tidal period. However, K, may vary from one tidal period to the next if the degree of stratifioation changes. For example, if the fresh water inflow were to increase over a period of a week or more, the estuary would become more stratified and K would increase during the period of time.
The Taylor dispers,ion relationship in Equation (13), modified for free surface flow [8] :
to thechoice of this parameterand a value equal to 1120 of a tidal period has been used in a number of studies. Figure 4 shows, in graphie form, the varions aspects of this boundary condition throughout a typical tidal cycle.
Initiai conditions must be specified for the salinity and for the water surface elevationsand the discharges. Due to the rapid convergence of the tidal hydraulics eqnations it is feasible to generate initial conditions for water surface elevation and discharge. This is done by assuming an approximate salinity distribution and by beginning the calculations with discharges equal to zero and elevations at mean sea level at a time about 10 tidal periods bcfore the desired start of the salinity prediction. The first 10 tidal cyCles of cakulation will be sufficient to generate water surface elevations and discharges with sufficient accuracy for use as the initial conditions in combination with the known initial salinity distribution.
Longitudinal dispersion
As noted previously, the local value of the longitudinal dispersion coefficient in Equation (3) represents the combined effect of internaI circulation (induced by density (salinity) gradients and boundary shear) on the spatial variation of velocity and sahnity at a cross-section. The latter effect is assumed to bc represented by 'a dispersion relation originally formulated by Taylor [14] for turbulent shear flow in pipes. The former effect is assumed to be proportional to the absolute value of the locallongitndinal salinity gradient. This assumption implies that density induced circulation is greatest in the region in which the longitudinal salinity gradient is largest. The assumed relationship has the form, The dispersion function given by Equation (13) when compared to earlier functions such as Equation (10), has severaladvantages: (1) it contains only one empirical parametcr (K), rather than two (EOSD, B) ; (2) it is not an explicit function of x; (3) it is a function of both the longitudinal and vertical gradients of salinity.
In order to make the model completely predictive it is necessary to relate the stratification parameter K to the gross estuary properties which determine the degree of stratification. A modification of the estuary number, Equation (12), is used,
QI T Equation (15) differs from Equation (12) where flpo represents the density difference between fresh water and ocean water. Salinity distribution data (from laboratory flumes, estuary models and the field) representing a wide range of physical dimensions and degrees of stratification were employed to determine values of the stratification parameter K under conditions of constant fresh water discharge and repeating ocean tidal elevations. A corre1ation was found between the normalized stratification parameter KI uoL and the modifiedestuary number as shown in Figure 5 . Note that uo is the maximum flood tide velocity and L is the length of the estuary.
The densimetric estuary numbers, [El) , extend over two orders of magnitude ranging from relatively stratified conditions in the Rotterdam Waterway to fairly well-mixed conditions in the Delaware estuary. Within this rangt he ratio KI 110 L varies only by a factor of 5. By utilizing the correlation of Figure 5 , the longitudinal dispersion coefficient is completely determined by Equations (13) and (14) as a function of both local and gross estuary conditions.
Solution technique
5/ Correlation of normalized stratification parameter with estuary number.
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Deüning the dispersion coefficient and specifying boundary and initial conditions as discussedabove, Equations (1) through (4) The finite difference scheme used to solve the tidal dvnamics equations is simiIar to that of Harleman and L~e [5] and -is a staggered explicit scheme wherein surface elevations and discharges are calculated at alternating locations in the space and time mesh. This scheme has been shown to be efficient in calculation, but the choice of Âx and Ât must be made in a manner which does not violate the approximate stability criteria, Âx and Ât are the longitudinal distance and time increments of calculation;
u is the average cross-sectional velocity and c = Vili is the wave speed at the same location as u.
The finite difference scheme employed for solution of the salt balance Equation (3) is a six-point implicit scheme based on the minimum error investigation of Stone and Brian [13] . This scheme has a truncation error with terms proportion al to (ÂX)2 and (M)2 and is of second order. The truncation error contains no term proportion al to 02S/ 0X2, which means it has no numerical dispersion tenu as found in some first order schemes (Bella and Grenney [2] Predictions of longitudinal salinity distributions during periods of varying fresh water discharge and ocean tidal range have been made for the Delaware, Potomac and Hudson estuaries [6] [15] . A summary of results for the Delaware are presented here to illustrate theapplication of the mathematical mode!.
The first step is to schematize the physical dimensions of the estuary to discrete intervals, Âx,along the longitudinal axis. Each segment of the schematized estuary is represented by either a trapezoidal cross-section or by a rectangular cross-section with an additional area to account for the storage effect of embayments.
If tidal elevation data is availabk~, it can be used to determine the estuary roughness which best reproduces the measured values of tidal elevations along the estuary.
The Delaware estuary has been schematized to 70 sections from the ocean entrance between Cape Henlopen and Cape May to the head of tide at Trenton (see Figure 6 ). Six sources of fresh water inflow are also shown in Figure 6 . The three-month period from August lOth to October 5, 1932 (107 tidal cycles) was selected as the period of study. Inflow hydrographs for the fresh water flow of the major upstream tributariesare shown in Figure 7 . The other three tributaries wereassigned nominal unvarying flows throughout the study of 82 cfs (2.3m 8 
Conclusions
The numerical model of this study can be used ta preclict the unsteady longitudinal distribution of sali nity for partially stratified and mixed estuaries amenable to a one-dimensiona] representation. This is demonstrated by the successfu:l prediction, over 107 tidal cycles for the Delaware estuary, of the response ta changes in both fresh water discharges and ocean tidal amplitudes.
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The mathematical model does not require field studies in order to determine the longitudinal dispersion coefficient, but instead utilizes a dispersion coefficient related to the local sali nity gradient and the gross parameters expressing the degree of stratification of the estuary. The salinity boundary condition at the ocean entrance is formulated in a manner which depends on the direction of flow at the ocean bOllndary.
A user's manual (Thatcher and Harleman [16J has been prepared ta facilitate application of the numerical model to other estuaries.
M. le Président BANAL souhaiterait voir préciser la signification de la « ligne noire» qu figure sur les premiers graphiques présentés; elle semble donner les valeurs maximales mesurées de la salinité; comment se place-t-elle par rapport à la courbe représentant la vraie variation périodique de la salinité?
Réponse de M. le Professeur HARLEMAN : The smooth cmve in Figure 8 represents the salinities measured at high water slack once each day. Unfortunately the data records did not indicate at which of the two possible timcs of hlgh water slack in a given calendar day the observations were made. Therefore, it is impossible to indicate in the graph the exact time at which the field measuremcnts were made. As a general rule, salinities at high water slack are the maximum values observed within a tidal period at a gi ven location.
Se référant aux mêmes graphiques, M. MAUVAIS (Centre Océa-nologique de Bretagne, Brest), souhaiterait que soient expliquées les différences d'amplitude (vers le haut et vers le bas) des différents cycles. A priori, on s'attendrait à des oscillations de même amplitude.
Réponse de M. le Professeur HARLEMAN :
The differences in the amplitudes of the calculated salinities from one tidal period to the next are primarily a result of amplitude differences in the semi-diurnal tide at the ocean entrance to the estuary.
The longitudinal motion of salinity distribution within one tidal cycle is largely governed by the ocean tide which drives the tidal motion in the entire estuary. 
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The correlation between the dispersion coefficient K and the estuary number El) shows a considerable scatter. What would be the sensitivity of the numerical resu1ts for salinity intrusion to a variation by a factor of, say, 2 of the coefficient K?
Réponse de M. le Professeur HARLEMAN : For trallsient cases in real estuaries in which fresh water inflow and ocean tides are changing, the l1umerical results are not sensitive to a variation in K by a factor of 2. Under hypothetical conditions of cOllstant fresh water inflow and a repeating ocean (ide, a quasi-steady state salinity intrusion may be reached after 100 or more tidal cycles.
1 would expect a significant change in this quasi-steady salinity distribution if K were changed by factor of 2.
Is the same value of E.~that is to say 
Réponse de M. le Professeur HARLEMAN :
If heated water or sewage containing B.O.D. were introduced more or less uniformly over the cross-section of an estuary by means of a diffuser, l expect the same local value of E would be appropriate. In this case buoyancy effects would be sm ail and the heated water or sewage would participate in the general salinity induced longitudinal dispersion process.
If, on other hand, the heat or sewage is introduced into the estuary as a concentrated source, one must consider the jet induced mixing and blloyancy of the source in the near-ficld region. In this case the problem is 110 longer susceptible to one-dimensional analysis.
En l'absence d'autre demande d'intervention, M. le Président clôt la discussion en remerciant toutes les personnes qui l'ont animée. Il donne ensuite la parole à M. MALHERBE pour la présen-tation de la communication qu'il a préparée en collaboration avec M DAUBERT.
